Abstract-Network-coded cooperative communications (NC-CC) refers to the use of network coding (NC) in cooperative communications (CC). Prior studies have shown that NC has the potential to improve the performance of CC when there are multiple sessions in the wireless network. These studies were done for the case when multiple sessions are sharing a single relay node. However, how NC-CC behaves when multiple relay nodes are employed remains an open problem. In this paper, we explore this problem by analyzing the achievable rate of each session in this setting. We develop closed form formulas for the mutual information and the achievable data rate for each session and show that prior results for a single relay is a special case of our result. Our findings in this paper offer an important building block on the theory of NC-CC.
I. INTRODUCTION
Cooperative communications (CC) is an important technique to improve the performance of a wireless network [5] . Unlike MIMO, which requires the use of multiple antennas at each node, CC only employs a single antenna at each node and exploits diversity by cooperating with antennas on other nodes in the network. There has been extensive research at the physical layer that exploits cooperations among distributed antennas [1] , [3] , [6] .
Recently, it was found that network coding (NC) can further improve the performance of CC by combining data streams at a relay node [2] , [9] , [10] , [13] , [14] . This application of NC in CC is called network-coded CC (or NC-CC). NC has been shown to improve the outage probability ( [2] , [9] ), packet error rates ( [13] ), and data rates ( [10] , [14] ) for CC. These studies were done for the case when multiple sessions are sharing a single relay node. However, how NC-CC behaves when multiple relay nodes are employed remains an open problem.
In this paper, we study NC-CC when there are multiple relay nodes. Our goal is to develop closed form formulas for the mutual information and the achievable data rate for each session. We consider the case of analog network coding (ANC) [4] and amplify-and-forward (AF) CC [7] at each relay node. Through an in-depth analysis, we derive the mathematical equations for mutual information and achievable data rate for each session and show that prior results for a single relay is a special case of our result. Our findings in this paper offer an important building block on the theory of NC-CC. To demonstrate the application of our theoretical result, we apply it in a numerical study to understand the impact on a session's achievable rate when different sets of relay nodes are employed.
The remainder of this paper is organized as follows. In Section II, we review state-of-the-art result on NC-CC when only a single relay node is employed. In Section III, we study NC-CC with multiple relay nodes and develop formulas for the mutual information and achievable data rate of each session. Section IV illustrates our results in a numerical study. Section V concludes this paper. Table I lists all notation used in this paper.
II. BACKGROUND
As a simple example, Fig. 1 shows a three-node relay channel for CC. In this example, source node s intends to transmit to destination node d and will exploit relay node r for possible performance improvement. Assume the time frame for transmission is divided into two time slots. In the first time slot, s transmits to d, and is overheard by the relay node r. Relay node r then amplifies the received signal, and then retransmits the amplified signal in the second time slot. The destination node d can now combine the two copies of the same signal coming from two different paths. This cooperative relay channel in Fig. 1 can be treated as a single-input twooutput complex Gaussian channel [7] and the achievable data rate between s and d in this channel is given as follows:
where SNR uv is the signal-to-noise ratio at the receiver v when node u transmits, and is given by SNR uv =
v is the variance of background noise at node v, h uv is the gain of the channel from node u to node v, P u is the power at which node u transmits signals, and W is the channel bandwidth.
As for comparison, when CC is not used, i.e., s transmits to d without using r (so-called direct transmission), the achievable rate from s to d is given as:
where ∅ denotes that no relay node is used. It has been shown in [7] and [11] that CC has the potential to increase achievable 978-1-61284-233-2/11/$26.00 ©2011 IEEE rate over direct transmission, depending on the location of relay node and its channel statistics. When there are m source-destination sessions sharing a single relay node (as shown in Fig. 2 ), one can employ NC to combine the signals from the m sources at the relay node and then forward the combined signal to all the destination nodes, i.e., NC-CC. Here, a time frame is divided into (m+1) time slots (see Fig. 2 (b)), with each of the first m time slots being used for transmission by one of the source nodes. Again, each of such transmissions is received by its corresponding destination node and overheard by the relay node. The relay node will then apply NC to combine all the m received analog signals. The combined signal is then amplified and forwarded by the relay node to all destination nodes in the (m + 1)-th time slot. The achievable rate for a session under NC-CC is given by [10] : 
T (e) Time slot structure for NC-CC with multiple relay nodes. where
} is the set of all the source nodes, and σ
is the noise at destination d i due to ANC, and is given by
where α r is the amplification factor for AF CC at relay node r and is given by
III. NC-CC WITH MULTIPLE RELAY NODES
The NC-CC model in Fig. 2 employs only a single relay node. In this section, we study the general NC-CC model with multiple relay nodes, and derive mutual information and achievable data rate for each session.
We consider that there are m sessions in the network (denoted as S = {s 0 , s 1 , · · · , s m−1 }) that are sharing n relay nodes with NC-CC. This general multi-session multi-relay NC-CC model is illustrated in Fig. 3 . In this figure, the source node of each session transmits in the first m time slots, and each transmission is received by the destination nodes as well as the n relay nodes. After the m transmissions, all the relay nodes will apply NC to combine the signals received during the m time slots. [8] . Figure 3(e) shows the time-slot structure for this general multi-session multi-relay model. Every session is allotted a time slot duration of t. Thus, the time slot duration available to each source node is T m+1 = |S|t |S|+1 . Therefore, the achievable rate for a session (s i , d i ) can be written as:
where 
Next, the signal transmitted by source s i and received by relay r j can be written as:
Finally, the simultaneous signals transmitted by all the relay nodes and received by destination node d i in the (m + 1)-th time slot can be written as:
where the value of amplification factor at r j is:
A destination node d i has to extract signal for x i from the combined signal in (9) . To extract the desired signal, a destination node d i can subtract the signals received from other source nodes in the initial m time slots from this combined signal. The signals received by destination node d i from other source nodes during the first m time slots can be written as:
To remove the signal x k from the combined signal in (9), destination node d i can multiply the overheard signal for
, and then subtract this product from (9) . When the signals for all x k 's are removed from (9), the copy of the desired signal extracted by d i can be written as:
Due to the use of ANC and multiple relay nodes, we find in (11) that in addition to z di , there are some new noise terms in the signal extracted by d i . This new noise is called the ANC noise, and is written as:
We can now write the variance of ANC noise as:
From (12), we can make two important observations: (i) the variance in ANC noise increases monotonically as the group size of sessions sharing the same set of relays increase; and (ii) the variance in ANC noise increases monotonically with the size of the set of relays.
We can now write (7) and (11) in a compact matrix form as follows:
, and
We can model the above channel from s i → d i and from s i → R → d i as a one-input two-output complex Gaussian channel [7] . The mutual information between s i and d i can be written as:
where
Expanding (13) gives us the value of mutual information between s i and d i as follows:
which can be rewritten as:
From (14), we can see that the value of mutual information depends directly on the individual relay nodes in R and the value of ANC noise. We can make two important observations by taking a close look at (14) . First, a given session (s i , d i ) performing NC-CC with a group of relays (r j 's) would prefer these relays to stay as close as possible to s i . Intuitively, this is true because the signal that r j 's will receive from s i will have smaller noise component (or larger SNR) due to proximity to s i . A mathematical explanation of this is that the term SNR sirj is in the denominator of (14). Second, s i would also prefer to have other s k 's in the session group to be far away from the relay nodes. This is because when the distance between the other source nodes (i.e., other s k 's) and the relay nodes increases, the value of channel gains between other s k 's and the relays become small, which will help reduce the ANC noise value at destination d i . This can be observed in (12) where the value of ANC noise decreases monotonically with the decrease in the value of h s k rj .
IV. NUMERICAL RESULTS
The goal of this section is to apply the achievable rate equations (6) and (14) in a numerical study to calculate the data rates of each session when different set of relay nodes are employed. 
A. Simulation Settings
Consider the network topology in Fig. 4 where there are two sessions (s 0 , d 0 ) and (s 1 , d 1 ). There are four relay nodes that can be employed, namely, r 0 , r 1 , r 2 and r 3 . We assume that the channel bandwidth in the network is W = 20 MHz, the white Gaussian noise at all the nodes has a variance of 10 −10 W, and every node transmits at a power of 1 W. We assume the channel gain between two nodes u and v is ||u − v|| −4 , where ||u − v|| is the distance (in meters) between u and v, the path loss index is 4.
B. Results
We calculate the achievable rate of each session under NC-CC when different set of relay nodes are used. Since there are four relay nodes, there are 16 possibilities (see first column in Table II) , ranging from the trivial case of no relay node is used to the extreme case when all four relay nodes are used. Table II lists the data rates for each session under each of these 16 cases. When R = ∅, Eq. (2) (for direct transmission) is used and the effective bandwidth available to each session is W 2 = 10MHz. The last column in Table II shows the sum of the data rates of both sessions.
For the 15 sets of relay nodes (excluding direct transmission), we observe that not every set is beneficial to both sessions, compared to the case of direct transmission. For session (s 0 , d 0 ), the sets of R 1 , R 3 , R 5 , R 6 , R 7 , R 11 , and R 13 are not beneficial, whereas for session (s 1 , d 1 ) , the sets of R 1 and R 4 are not beneficial. Some sets of relay nodes are beneficial to one session but not to the other session, e.g., relay groups R 3 , R 5 , R 6 , R 7 , R 11 , and R 13 are beneficial to (s 1 , d 1 ) but not to (s 0 , d 0 ) . Also, the most beneficial set of relay nodes for (s 0 , d 0 ) is R 14 , and the most beneficial set of relay nodes for (
Furthermore, as per our discussion at the end of Section III, we can observe that R 4 is beneficial to session (s 0 , d 0 ) but not to session (s 1 , d 1 ) due to its proximity to source s 0 . Similarly, R 3 is beneficial to (s 1 , d 1 ) but not to (s 0 , d 0 ) due to its proximity to s 1 compared to s 0 . For some other relay groups, the conclusion may not be made simply by observing the location of individual nodes. This is where our derived equations can help in determining whether a session group should be matched with a relay group or not. It is important to realize that without deriving the mathematical equations for achievable data rate and mutual information, it is impossible to construct a table such as the one shown in Table II . The formulas we developed can thus help us to identify the optimal set of relay nodes for some particular objective (e.g., maximum sum rate or max-min). The design of such an algorithm, however, is beyond the scope of this paper.
V. CONCLUSION
In this paper, we studied how NC-CC behaves when multiple relay nodes are employed. We derived closed form equations for mutual information and achievable data rate for each session under such setting. Our derivation was based on generalizing the three-node relay channel model with multiple relays and then taking consideration of multiple sessions. Our results in this paper offer an important building block on the theory of NC-CC. To demonstrate the application of our theoretical result, we applied it in a numerical study to understand the impact on a session's achievable rate when different sets of relay nodes are employed.
The results of this paper pave the way for the research community to explore new problems such as finding an optimal set of relay nodes for a given objective. This is our current research and its results will be reported in a future paper.
